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Abstract. We deal with Besicovitch's problem of existence of discrete orbits 
for transitive cylindrical transformations T v : (x,t) i— ► (x + a,t + <p(x)) where 
Tx = x+ais an irrational rotation on the circle T and ip : T — ¥ M is continuous, 
i.e. we try to estimate how big can be the set D(ct, ip) := {x E T : \ip^{x)\ — > 
+00 as \n\ — > +00}. We show that for almost every a there exists ip such 
that the Hausdorff dimension of D(a,ip) is at least 1/2. We also provide a 
Diophantine condition on a that guarantees the existence of ip such that the 
dimension of D(ct, ip) is positive. Finally, for some multidimensional rotations 
T on T d , d > 3, we construct smooth ip so that the Hausdorff dimension of 
D(a, ip) is positive. 



1. Introduction 

Let T : X — > X be a minimal homeomorphism of a compact metric space [X, d) 
and let ip : X — s- R be a continuous function. Denote byT p :Ixl4lxR the 
corresponding cylindrical transformation 

T v (x, t) = (Tx, t + f(x)). 

Then T™(x, t) = (T n x, t + tp^(x)) for every integer n, where 

( tp(x) + (p(Tx) + ... + ^(T^x) if n > 

<p {n \x)=\ if n=0 

[ -(ip{T- 1 x) + ... + V >{T n + 1 x) + ip{T n x)) if n < 0. 

Cylindrical transformations appear naturally when studying some autonomous or- 
dinary differential equations on M 3 or on other non-compact manifolds (cf. |17| 
and Section [SJ. Moreover, in the case of circle rotations T, cylindrical transfor- 
mations yield a broad and interesting class of homeomorphisms of the plane. If 
Tx — x + a then every continuous function (p : T — > K defines the homeomor- 
phism f atV : R 2 -)• M 2 , f a , v {re 2jriuJ ) = re <pM+2^("+") f or r > and w e T. The 
homeomorphism f a>tp has a fixed point at zero and restricted to M 2 \ {(0,0)} is 
topologically isomorphic to T v via the map 

T x R 3 (u, r) ^ e r e 2 "" et 2 \ {(0, 0)}. 

A surprising property of general cylindrical transformations is that they are never 
minimal, that is, there are points whose orbits are not dense [S], [TS], (see also [T5] 
for a more general non-minimality result in case of homeomorphisms of the cylinder 
Txl) and the problem of classifying minimal subsets for such transformations 
is still operQ. Clearly, a minimal subset arises if we are given a discrete orbit. 
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1 The situation changes if instead of minimality we consider so called positive minimality i.e. 
for a continuous map T (not necessarily invertible) of a locally compact space X we require all 
semi-orbits {T n x : n > 0}, x £ X, to be dense in X. As it has already been noticed in [4 
(see Chapter I, Exercise 11 or the subsequent article [6]) if there is a recurrent point in X and 
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Recall that a subset S of a topological space is discrete if every point x £ S has a 
neighborhood U such that S D U = {x}. Moreover, the orbit of (x,t) £ X x M for 
the cylindrical transformation T v is discrete if and only if 

|(p (n) (x)| -> +00 as |n| -> +00. 
If T is uniquely ergodic with /1 the only T-invariant measure and if J x pd[i =/= Q 
then by unique ergodicity, tp( n > /n — > ftpdfi uniformly as |n| — > +00. Therefore 
|<^W(:r)| — > +00 as |n| — > +00 for each x £ X, i.e. </j is transient, and hence 
every orbit of is discrete. It follows that the partition of X x R into orbits of 
T v yields the decomposition into minimal components. Yet, in one more situation 
X x R is the union of minimal components - it is the case when J x tpd\i = 
and tp(x) — j(x) — j(Tx) for a continuous function j : X — > R, i.e. when p is a 
coboundary; indeed, the minimal components are of the form {(x, j(x)+a) : x £ X}, 
a £ R. Clearly, in this case there are no discrete orbits, in fact, j exists if and only 
if each orbit of T v is bounded [5]. 

When we restrict our considerations to T which is a minimal rotation on a 
compact metric group (the case which is well known to be uniquely ergodic) then 
we have the following. 

Proposition 1 (see [3], [5] or |14j). If p is not transient nor tp is a coboundary 
then has a dense orbit, i.e. T v is topologically transitive. 

Note that, by Proposition [TJ it follows that if T is a minimal rotation, tp has zero 
mean and T v has a discrete orbit then T v is automatically topologically transitive. 

From now on we will only deal with the transitive case and we assume that T 
is a minimal rotation on X. In this case the set of transitive points is G$ and 
dense, however it is always a proper subset of X x R since T v is not minimal. This 
set is usually also large from the measure-theoretic point of view; indeed, if we 
assume ergodicity of T v (with respect to the product of Haar measure on X and 
Lebesgue measure on R) then each open subset of X x R has positive measure and 
since X x R is second countable, the complement of the set of transitive points 
has measure zero. Even in case of T a minimal rotation, the problem of classifying 
possible minimal subsets for the corresponding cylindrical transformations remains 
open. It is even open in case of irrational rotations on the circle, although in the 
latter case we would like to emphasize that if Lp is too smooth then there are no 
minimal subsets at all. More precisely, if Lp : T — > R is of bounded variation then T v 
has no minimal subset (see [TS] and [IB])- However, Besicovitch [5] already in 1951 
showed that, if we require tp to be only continuous, then for T v a minimal subset 
can exist, namely, despite its topological transitivity T v can have a discrete orbit. 
The problem of coexistence of dense orbits (topological transitivity) and discrete 
orbits for cylindrical transformations when T is a minimal rotation is called the 
Besicovitch problem, and we will call the cylindrical transformation T v Besicovitch 
if indeed dense and discrete orbits for T v coexist. In the present paper we will deal 
with the Besicovitch problem for rotations on finite dimensional tori T d . 

In Section [2] we show that the phenomenon discovered by Besicovitch [5] - for a 
particular irrational a there exists a continuous ip : T — > R such that T v is transitive 
and admits discrete orbits - in fact happens for each irrational a. In other words, 
we show that for every irrational a £ T there exists a continuous tp : T — > R such 

T is positively minimal then X has to be compact. Take now an arbitrary continuous map T of 
a locally compact space X and suppose that M C X is positively minimal. Then M is locally 
compact and it follows that either M is a discrete orbit or M is compact. Therefore there are no 
positively minimal subsets for transitive T v as above - if If C X X 1 is positively minimal then 
it cannot be a discrete orbit and if M is compact then by [8] , tp is a coboundary and therefore T v 
is not transitive. 
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that T v is Besicovitch; note that this implies the existence of Besicovitch cylindrical 
transformations over each minimal rotation on T d , d > 2. Indeed, if R is a rotation 
on T d_1 such that T x R is minimal then the cylindrical transformation (T x -R)^, 
with (p{x\ 1 . . . , Xd) = (p(x{). is Besicovitch if T v is Besicovitch (this follows from 
Proposition [1] since ip is not transient and since no orbit of (T x R)^ is bounded, (p 
is not a coboundary). 

In Section [31 for a satisfying some Diophantine conditions, our construction 
of ip is improved and we obtain 7-Holder continuous functions (p such that T v 
is Besicovitch (it turns out however that in all our constructions 7 < 1/2). A 
slight modification of the construction yields ip : T — > R whose Fourier coefficients 
are 0(log |n|/|n|); see Section |U We have already mentioned that in case ip is of 
bounded variation, T v is not Besicovitch. This is one more (direct) consequence of 
the classical Denjoy-Koksma inequality (see e.g. [TT| or [5]); indeed, the inequality 

(1) \ip {qn) (x)\ < Var <p for each x £ T, 

where (q n ) is the sequence of denominators of a means in particular that the orbit of 
each point (x, t) is not discrete (in fact T v has no minimal subsets at all; see |15| and 
|16|). In [2J, an inequality similar to ([T]) has been proved in L 2 for functions whose 
Fourier coefficients are 0(l/|n|), we have been however unable to decide whether 
there exists a continuous ip : T — > K whose Fourier coefficients are 0(1/ \n\) and 
which is Besicovitch for some rotation Tx = x + a. Recently, in [12J, for every 
minimal odometer T the existence of Besicovitch cylindrical transformation has 
been proved to exist. 

We then pass to deal with the Besicovitch problem for minimal rotations on 
higher dimensional tori T d , d > 2. As it was shown by Yoccoz in [TH], the Denjoy- 
Koksma inequality does not hold anymore in higher dimensions and one can expect 
that among smooth cylindrical transformations there are Besicovitch cylindrical 
maps. Such are indeed shown to exist in Section [7J More precisely, we prove that 
for every r > 1 there exist d > 3, a minimal rotation T : T d — > T d and ip : T d — > K. of 
class C r such that T v is Besicovitch; the construction is based on Yoccoz's method 

from nnj. 

Once wc know that Besicovitch cylindrical transformations exist for each minimal 
rotation on T d , another natural problem arises to discuss the size of the set of points 
whose orbits are discrete. More precisely, we will deal with the set 

D(a,ip) = {x £T d : lim \<p {n) {x)\ -> +00}. 

n— >±oo 

By our standing assumption of transitivity, J ip(x) dx — and thus T v is recurrent 
as an infinite measure-preserving system (see pQ, [H]), so for a.e. x £ T d there 
exists k n = k n (x) — > +00 such that Lp^ kn \x) — > 0, hence D{a, ip) has zero Lebesgue 
measure. Moreover, the set of transitive points for T v is Gg dense, so the set of 
points whose orbits are discrete is a first category set. Furthermore, this set is 
equal to D(a, ip) x M, so D(a, (p) is a first category subset of T d (which is dense if 
it is nonempty). Consequently, D(a,(p) is small from both the topological and the 
measure theoretical point of view. We are interested in the Hausdorff dimension of 
D(a,(p). 

If d = 1 then for almost every a £ T, using a modification of the construction 
from Section [21 we built a continuous function (p : T — > R with zero mean such that 
dim^f D(a, ip) > 0. Moreover, we give a lower bound on the Hausdorff dimension 
related to some Diophantine condition of a; see Section [Sj We also study the 
coexistence problem of discrete orbits of different types, more precisely, the size of 
sets 

D s - s +{a,<p) = {x £ T : lim ^ m \x) -> s_oo and lim ^(x) -> s + oo} 

m—>—oo m— 
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for 8— ,8+ £ { — , +} is investigated. We show that the coexistence of all types of 
discrete orbits appears for some (transitive) cylindrical transformations; we mention 
that the same phenomenon was also observed for cylindrical transformations over 
odometers in [12]. For almost every a £ T we construct a class of examples for 
which dim# D s - S + (a, ip) > 1/2 for every pair (s_, s + ). This gives evidence that for 
transitive homeomorphisms of the plane the coexistence of orbits with completely 
different behavior is possible. Indeed, returning to the homeomorphisms of the 
plane mentioned at the beginning of this section, let us consider f a , v : R 2 — > R 2 . 
Then for each to £ T points from the ray Ray(w) = {re lu : r > 0} generate orbits 
of the same type and 

• if u) £ D (a, ip) then each x £ Ray(cj) generates a homoclinic orbit at- 
tracted by zero; 

• if u) £ D ++ (a, ip) then each x £ Ray(w) generates a discrete orbit; 

• if w £ D h (a, f){D^ (a, ip)) then for each x £ Ray(w) one semi-orbit is 
attracted by zero and another semiorbit escapes to the infinity. 

Therefore there exists a transitive homeomorphism f a>(p : M 2 — > R 2 such that each 
of the above orbit type appears and the Hausdorff dimension of the set of the 
corresponding points is no smaller than 3/2. 

In the higher dimensional case, for every r > 1 we construct a £ T d and a C r - 
function <p : T d — > K with zero mean such that dim# D ++ (a, ip) > 0; see Section [71 

As an application, in Section [5] we demonstrate a family of continuous (or even 
Holder) perturbations of some integrable systems which completely destroys its 
integrable dynamics. More precisely, the perturbed systems have plenty of orbits 
which are dense, homoclinic and heteroclinic to limit cycles. 
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By T we will mean the group R/Z which most of time will be treated as [0, 1) 
with addition mod 1. By {t} we denote the fractional part of t and \\t\\ is the 
distance of t from the set of integers. Denote by [t\ and \t] the floor and the 
ceiling of t respectively. 

We will show that for each irrational a £ T we can construct a continuous 
(p : T — > R so that the corresponding cylindrical flow T v is Besicovitch, i.e. it is 
topologically transitive but it has some minimal orbits. By Proposition [TJ we only 
need to construct a continuous function if with integral zero and such that 



indeed such a ip is neither a coboundary nor transient, so T v must be topologically 
transitive. 

Fix an irrational a £ [0, 1). Let (p n /<ln) be the sequence of convergents of a, i.e. 
q-i = 0, q = 1, q n = a„g„_i + g„_ 2 for n > 1 

P-l = 1, PO = 0, p n = <Wn-l + Pn-2 for Tl > 1, 

where [0; ai, 0,2, . . .] is the continued fraction of a. We have (see e.g. [TD]) 



EGO- 



2. Construction 



(n) (0) +00 when \n\ +00; 





hence 



(3) 



1 



< \WnCt\\ < 



1 



2<Zn+l 



Qn+1 
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Let (M n ) be a sequence of natural numbers such that 



(4) 
and 

(5) 

Set 
(6) 

In view of © and ([5]), 
(7) 



M n -> +oo 



> < +oo. 

±-( Qn-l 



L n = M n 



E 

n=l 



< +00. 



We now define /„ : [0, 1) — > R + which is Lipschitz continuous (with the Lipschitz 
constant equal to L n ), l/g n -periodic, /„(0) = and \fn(x)\ = L n for all x £ [0, 1) 
except for the integer multiples of Notice that f n {v) = L n y for y e [0, l/(2g„)) 
and f n (y) = L n (l/q n - y) for y € [l/(2g n ), l/<?„]. Using 1 /^-periodicity of /„ 
and © for each a; £ [0, 1) we have 



\f n (x + a) - f n (x)\ 



f n (x + a) - f n (x + — ) 

9n 



SO 

(8) 



< 



L, 



\\fn(- +«)-/n(-)l|c(T)<— — 



and it follows from (0 that the series 

oo 



n=l 



converges uniformly, so ip is continuous and clearly tp(x) dx — 0. For each integer 
k we have 



(k) 



(x) = y^(/n(a: + fca) - /„(x)), 



n=l 



in particular 
(9) 



n=l 



We will show that <^ fc )(0) — > +oo when |fc| — > +oo. Fix a nonzero integer fc. 
There is a unique n = n(k) > such that g„ < |fc| < 5 n +i- By @ applied to n + 1 
we have 



2<7n+l<Zn+2 



< 



Pn+1 



SO 



Moreover. 



ka — 



Qn+1 
kpn+l 



\k\ 



1 



Qn+1 



> 



< — < 

Qn+lQn+2 Qn+2 



kpnA 



Qn+1 



< 



< 



2?n+l9n+2 
1 1 



9n+2 <7n+l \<7n+l Qn+2 J Qn+1 Qn+lQn+2 



1 Qn+2 — Qn+1 



1 



9n 



< 



1 



Qn 



Qn+1 Qn+lQn+2 <Zn+l ^Qn+lQ 



n+2 
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Since f n +i is l/g„ +1 -periodic and f n+1 (-x) = f n +i{x), 



f n +i(ka) = / n+ i [ka - k 



Pn+l 



As 



< 



2?n+l<7«+2 

by the definition of f n +i and ([5]), 
f n+ i(ka) > f n +i 



ka — 



Qn+l 
kpn+l 



— Jn-\ 



ka — k 



Pn+l 



Qn+l 



Qn+l 



< 



1 



Qn 



qn+i 2qn+iqn+2 

Af„+i/2. 



^Qn+lQn+2 / ^qn+iqn+2 

Since all functions // are nonnegative, it follows that 

oo 

pW(0) = £ /,(Aa) > /„+i(M > M„ +1 /2 
i=i 

which tends to +oo in view of Q and of the fact that n — n{k) — > +oo when 
\k\ -+ +oo. 

3. Holder continuity condition 
We need the following simple lemma. 

Lemma 2. Let (X,d) be a compact metric space. Let (uVi)iJLi oe an increasing 
sequence of positive real numbers with w n — > +oo such that for every < j3 < 1 
there exists Dp > for which 



(10) 



^ «jf < Dawl and Y~ < —j for all n G N. 



k=l 



Assume that <p(x) = Y^n°=i ^Pnix), where ip n : X — > K is Lipschitz continuous with 
a Lipschitz constant L(ip n ) = L n such that for some < 7 < 1 we have 

L n < w 1 ^ 1 and \\<p n \\c(x) < — 7 for n>\. 

W n 

Then if : X -+ M. is "/-Holder continuous. 
Proof. Suppose that 

< d(x,y) < — . 

Wn+l W n 



Then 



\<p(x) - <p(y)\ < \fk{x) - <fk(y)\ + \<Pk(x) - <Pk(y)\ 

fc=l k=n+l 
n 00 

< Y L k d ( x ,y) + 2 E II^HC(X) 

fe=l k=n+l 
n 00 



fe=i 



fe=n+l 



< D 1 ^ 1 d{x,y)w 1 - 1 + 2D 



7 „,,7 



<Cd(x,y)" 



n+1 



because d(x,y) 1 7 < fL-, and — < d(x,y)' y . 



a 
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Remark 1. Recall that if (v n )^L 1 is a lacunary sequence, i.e. there exists A > 1 
such that u n +i > Av n for all n > 1, then for each 1< i < n we have i>„ > A n_fe ^, 
so 

- - v A 



fc=i fc=i 

and (by changing the role of n and k) 

1 A 



y> J_ < 1 



< 



v k {-^ A k ~ n v n v n A - 1 ' 

is: — -ft K — Tt 

Note that if (v n )^ =1 is lacunary, then for each < j3 < 1 also (v^)^ =1 is lacunary 
(with A replaced by A@) and therefore the assumption (fTU)) is satisfied in this case. 

Let (q n )n°=o t* e the sequence of denominators of an irrational number a G T. 
Note that 

Qn+2 — 0-n+2ln+l + In > ?n+l + ?n > 2(?n- 

Therefore, the sequence (it) n )^_ , w„ := q n q n +i is lacunary with A = 2. It follows 
that for each < /? < 1 setting = 2^/ (2^ - 1) we have 

n 1 _D 

(11) ^ W k < D £™n and XI "T - "T fOT aU ™ G R 

Notation. For every a > 1 denote by DC (a) the set of irrational numbers a G T 
satisfying the Diophantine condition 



a 

q 



for some constant C > 0. Recall that (see [TO]) a G DC (a) if and only if there 
exists C > such that g n +i < C • g° for all n > 1. Moreover, if a > 1 then DC (a) 
has full Lebesgue measure. 

Theorem 3. Assume that a G DC (a) for some a > 1. T/ien /or every < 7 < 
i/iere exists a 7 -Holder continuous function <p : T — > M wi£/i zero mean such 
that the cylindrical transformation T v : T x 1 T x 1, T v (x, s) — (x + a, s + ip(x)) 
is Besicovitch. 

Proof. Let C be a positive constant such that 

(12) q n+1 <C-g*fbraUn>l. 

For any < 7 < we set 

M„ = . 

2(g„q„ + i)T 

Then we construct ip in the same manner as in Section [5J By (|12p. 

1-7(1+0)0 

<Zn-l > 1n-l 



and therefore (jl]) holds. But M n /q n -i = l/(2u^) and (w^)^L * s lacunary, so also 
([5]) is satisfied. Let y n (a;) = f n { x + ct) — f n (x). Then 

L(<p n ) = 2L n = 2M n ■ = (q n q n+1 ) 1 -' = w 1 ^ 
q n -i 

and, by © and ©, 

£ ra M n 1 

Wn C(T) < = < — • 

<?n9n+l (fn-l WA 

By Lemma [5] together with (fTTj) . the function <p is 7-Holder continuous. □ 
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4. Function of class 0(log|n|/|n|) 

Assume that a G [0, 1) is irrational and suppose that (M m ) m >i satisfies (0]) and 
(13 . Set S m = q q ^ 1 - ■ Then M m — L m S m . Let us consider a piecewise linear 
function f m : [0, 1) — > R + which is 1 /(^-periodic and 

!L m x if < x < 5 m 

M m if S m < x < - S m 

L m (±-x) if ^-S m <x<^. 

Next, consider ip(x) = X)m=i(/m( 2 ' + a ) ~ fm(x)). An analysis similar to that 
in Section [5] shows that ip is correctly defined and it is continuous. Moreover, 
^W(O) +oo as |fc| -> +oo. Let g m : [0, 1) M+ be given by 

x if < x < q m $ m 
9m{x) = { q m 5 m if q m S m < x < 1 - <? m (5 m 
1 — a; if 1 — q m S m < x < 1. 

Therefore f m (x) — g m {q m x) for a; £ [0, l/q m ) and for n^O we have 
Sm(n) - j g m {x)e-™ nx dx = JL J' g' m (x)e~ 2mx dx 

q m S m r l \ 

e' 2 "™ da; - / e -2™* dx 

Jl-q m S m J 



2win 

L_ ( e -2Trin qmSm + e 2* imm 5 m _ 2 ) = 1_ sin 2 



47T 2 

Since is l/g^-periodic, 



whence fk(n) = if q k does not divide n and moreover 

/*(«*a) - Qk h{x)e- 2m ^ sx dx ^ q k —g k (q k x)e- 2 ^ x dx 

Jo Jo 9k 



L k f gk{ y)e- 2 ™v(^dy)=^ 

Jo \Qk J qk 



= — 9k(s) 

\Uk / 
for each sgZ. It follows that 

oo t 

<27c <27c 

k— 1 A;>l:qfc|n 



( e 2 ™™" - 1) £ 



Lfe — sin 2 7rn<5fc 



qk 7r 



2 ii- 



k>l:g k |n qi 

= 5—5 — V" L fc g fc sin 2 7rn4- 

k>l:q k \n 

Thus 

„„> 1-/ m \-, \ I 2|sin7ma| r . 2 r 

(13) <p(») = <p(-raj = 5—5 — > L k q k sm TTndk 

7r n * — ' 

fc>l:gk|n 

Remark 2. Recall that 

(14) I shi7ra;| < 7r||a;|| < n\x\ for all x € K 
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and 

(15) sinvra; > 2x for all x € [0, 1/2]. 

Lemma 4. Assume that a £ [0, 1) is an irrational number such that 

/'log ft \ . . \ogq k 

is increasing ana - — = > +°o as ft — > +oo. 



Then there exists (Mk)keN with Mk — > +oo such that for tp above we have ip{n) 

o(io g H/H). 



Af fe = mm [ — — ,q k _ x 



Proof. Fix < e < 1 and let 

Ml-i 

Then (Mk)k>i is increasing and Mk — > +oo. Next note that the sequence (S k )kLi 
is decreasing. Indeed, since q\ < q\ +1 < logqk+2 < q k +2, it follows that 

c 1k-l qk-iqk . % s- 

Ofe = > > = Ofc+1- 

qkqk+1 Qk+lQk+2 qk+iqk+2 

Since Lfc = Mk/Sk, we see that (Lfc)^^ is increasing. Fix n > and let m > be 
the largest number such that q m divides n. Note that if m — 0, i.e. ft does not 
divide n for all ft > 1, then (p(n) — 0, so assume that m > 1. 

First suppose that n > q m +i- Since mq^Mm < (m + l)g^M m+ i < logg m+ i, by 

(USD, 

W{n)\ < -2-o >. ^fcft < r^2~ 

fc>l:%|« 

2mL m q m 1 _ 2mM rn q^ n 1 logg m+ i logn 
9m+i n g m _i n ~ n ~~ n 
Next, suppose that n < <7, n +i. Since n = sfti, by (|13p . (jT5J) and ([3]), we have 
I-/ xi ^ 2||sq m a|| ^ r -2c 

2 S / 

< -5 5- L m q m {^n8 n 

n^q m+ in z y 

Moreover, 

s£ m <? m (7™<S m ) 2 sg m r „ 2 71 » r QVn-i / M m q m -i .11 




5 2 — L mO m — M m S S S 

7T Qm+in qm+1 qm+1 qm.qm+1 9m9m+l Qm+1 



and 



V^ 1 T „ mL m -iq m -is mMm-iq^^qmS 



Lkqk < 



mM m ^q 2 m _ x q m 1 

fti-2<7m+l™ ~ q m -2q m +in ~ U 

Consequently, <p(n) ~ 0(log |n|/|n|). □ 
In this way we have proved the following. 

Theorem 5. There exist an irrational rotation Tx = x + a and a continuous 
function tp : T — > K such that the cylindrical transformation T v is Besicovitch and 
£(n)=0(log|n|/|n|). 
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Remark 3. Note that this is not true that tp(n) = 0(l/|n|). Indeed, take m > 1 
and choose s £ N such that g m+ i/(4g m _i) < s < q m+ i/(2q m -i)- Set n = sq m . 
Since 

||na|| = ||sg m o;|j < s||g m a| < 1/2 and nS m = s ^ m 1 < 1/2, 



by ((THD and ©, it follows that 

|sin7rna| > 2||sg m a|| = 2s||g' m a|| > 



q m +i 
i 



'■im-l 



smTrn5 m \ > 2n5 m = 2s— — - > 1/2. 

<Zm+i 



Therefore, from (| 13f) . 



Consequently, 



21 sin7ma| 



L m g m sin 2 7rn5 m > 



1 L m q. n 
4ir 2 n 2 g m _i 



1 M m q m+1 q 2 
4ir 2 n 2 



1 M m 1 M m g m M„ 



47r 2 n sgm„i 27r 2 n g m _i 27r 2 n 



n^(n) > — T 
2ir z 



5. Variants of the construction 

Fix an irrational a £ [0, 1) and let (qk„) be a subsequence of the sequence of 
denominators of a such that all k n are even (or all are odd). Let (M n ) be a sequence 
of natural numbers such that 



(16) 
and 

(17) 
Set 

(18) L n -- 

In view of (JT7J) and (fTgjl . 

(19) 



We now define f n : [0, 1) - 
which l/gfe„ -periodic and 





M n -> +oo 



2^ <+ °°- 



n=l 



<lk„ 



M„ ■ ^ fc " ^ fc " +1 and Sn 



1k n qk n + l 



< +oo. 



^ Qk n Qk n+ i 

R + a piecewise linear Lipschitz continuous function 



fn(x) 



L n (x - -f) 

M„ 
2 



if 

if 
if 



< x < Sg. 

% <x< % + % 



if 
if 



< r < 
8 - X - 4 9fc „ 

2 - X - 4 9fcrl 



L » ( x - it:) + Mn 

2 

Ln(x-^ + ^)+2M n if ^-4f-^<*<^--^ 



If 



2 

T 2 
2 8 



2M„ 



% < a; < 



2 9fc„ 8 - * - 2q kn ' 

and such that f n (l/q kn - x) = f n (x) for all x £ [l/2g feji , l/g fc J. 
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The Lipschitz constant of /„ is L n , f n takes only nonnegative values, f n (0) = 
and ||/ n ||c(T) < 2M n- Moreover f n (-x) = f n (x) for all x £ [0,1). Using l/qk n ~ 
periodicity of /„ and ^ for each x G [0, 1) we have 



\f n (x + a) - f n {x)\ 



f n (x + a) - f n ( X + 



Pk„ 



< Lr. 



a 



Pk„ 

<lk„ 



< L r 



1 



<7fc„<7fc„+i 



so ||/„( • + a) — f n ( ■ )||c(T) < — — — an d it follows from (fT§| that the series 



fi x ) = ^2ifn{x + a) - f n (x)) 



n=l 



converges uniformly, so ip is continuous and clearly if(x) dx — 0. For each integer 
k we have 



(20) 



^ k \x)=Y,Un(x + ka)-U(x)). 



Remark 4. Suppose additionally that 

(21) q kn+1 > 16q kn q kn+1 /q kn _ 1 and q kn -i > 4g fc „_ 1 for all n G N. 

It follows that 

1 1 



(22) 
Set 



gfc„ + l ~ <?fc„ gfcn-l > 4^,! 



9fc„+i qk n qk n +i 9fe„9fc„+i 



7fc„9fc„+i 



4<J„ 



F++ = 

7l,J 



+ 



9fc„ 



and let = |X=i Uj=o ^nj • In view of 

#n ?k„_i 



IF++I = — = 

1 n.j I a 



> 



Mk n qk n +i qk n+1 
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and hence there exist at least two intervals of the form F^^ l which are included 
in F^"t. Consequently the set F ++ is uncountable. We will show that if x G F ++ 
then ip^(x) — > +00 as |n| — > +00. 

Assume that x 6 F ++ . Then there exists a sequence (ji)^i °f natural numbers 
such that x € for all (eN. Let x — |-J- + xi , where |x;| < 5j/8. Then 

/; (x + ma) - ft (x) = ft (xj + ma) - ft (x t ) . 

Fix integer m 7^ and assume that g , fc n _ 1 < |m| < Qk n - Since \xi\ < <5;/8 and 
fi>0 for every 2 G N, by the definition of ft(xi) = 0, so 

(23) /j (a; + ma) - ft (x) = /; (xj + ma) - ft (xj) = ft {x\ + ma) > 0. 

Since \m\ < qk n , in view of and (f2"2"|) . we have 



x„ + ma 



Qk„ 



< \x r , 

Sn 

< — 



\m\ 
1 



< 



1k n 
1 



< |x„| + 



Qk n <lk„+1 



25„ 



° Qk n +i 1k„ 
Since |m| > q , /c„_ 1 , in view of we have 



x n + ma - 



Qk„ 



— I m l 


Pfc„ 


a 







IxJ > 



By the definition of /„ it follows that 



fn 



x n + ma 



2<lk n qk, 



S n , 5 n 



+1 



S n 



>fn[f + J)=L n ^=M n /i 



Therefore, using additionally (|23[) . we obtain 

/„ (x + ma) - f n (x) = f n (x„ + ma) = f n I x„ + ma 



mPk„ 



<7fc„ 



fn 



x n + ma 



™>pk„ 



1k n 



> M„/4. 



Consequently, using (|2U1) and (|2U)) again, 



<^ (m) (x) = J2(fl ( x + ma ) - fi ( x )) > fn ( x + ma) - /„ (x) > 
1=1 



Mn 

4 



Remark 5. Suppose additionally that 

(24) M n +i > 33M n for all neN. 

We will prove that the set of all x € [0, 1) for which <p( m \x) —> +00 as m 
and simultaneously (p( m >(x) — > —00 as m — > —00 is uncountable. 
Set 



F^ = 

"J 



and let F~+ = |X =1 U*=" 1 F~j. In view of glj 



Sn Sn 

" 4 ' 4 



1 



.7 



4<7fc„ <?fc„ 



9k»-i ^_ 4 



1 "J 1 2 2 gfc „ gfc „ +1 g fe ' 



and hence there exist at least two intervals of the form l which are included 
in F~j~ . Consequently the set F ^ is uncountable. We will prove that if x 6 i* 1 
then tp( m '(x) — > +00 as m — > +00 and <p( m ^(x) — > —00 asm-> — 00. 
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Assume that x 6 F + . Then there exists a sequence (ji)^i f° r natural numbers 
such that x € Ff£ for all I e N. Let x = + j^- + xi, where \xi \ < Si/ 4. Then 

(25) /j (x + ma) - ft (x) = ft + xi + maj - ft + xi 
For every I > 1 we have 

1 <^ _L_ J_ <h 

4 < 4^ +X ' < 4%; + 4' 

and hence 

(26) /, (t^+^J =i i x i +M i . 

Fix m > and assume that g , / ! „_ 1 /4 < m < ft„/4. Since fc; is even, for every 
I > 1 we have 

1 $ . 1 . ^ 1 , . TO Pfc, 
< -; h xi < h xi + ma 



4%, 4 Aq kl Aq kl q kl 

If additionally I > n then, by @, 

1 , , m Ph ^ 1 . Si q kn 1 Si 1 

+ xi + ma < h — + < 



4ft, q kl 4%, 4 Aq kl q kl+1 Aq kl 4 4g fei+ i 

In view of (l2"2l . < J- - 4<5 ; . It follows that 

1 mp kl 1 3(5/ 
h jgj + ma < — , 

4%, ft, 2g fei 4 

hence 

_L + ^ +ma _ H^EL e (l/(4g fci ) - *,/4, l/(2g fcl ) - 3^/4) . 
4ft, ft, 

Case J. Suppose that I > n and 

1 +I(+M _!lt e (l/( 4 ft,) - l/(4g fcl ) + Si/2] . 
4 ft, ft, 

By the definition of 

/ 1 \ / 1 mpfc 

I -I- Tr -I- I = Ti I -I- Ti 4- 7TJ 7"V — 



ft ~. \- xi+ma) = ft[ h xi + ma - 

V 4 ft, / V 4 ft, ft, 

T ( , m P k ' \ , /If 

= Li xi + ma + Mi. 

V ft, / 



Hence, by (J2SD, (25) and Q, 

ft (x + ma) - ft (x) = ft +xi+ maj - ft + .r, 

( mpk, \ ft„_! gfc n _ t 
= Lj ma > L ; - = Mj- . 



I -I- Ti -4- m.rv 1 — f 7 I - 



ft, y »ft,ft,+i 

Case 2. Suppose that /! > n and 

^ G (1/(4 %1 ) + 5,/2, l/(2g fcl ) - 3<fj/4) . 
4ft, ft, 

By the definition of ft, 

Si It— + + ma) = ft \-t— + xi +ma- ™Eh.) = 5^,. 
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Moreover, by [[25]). 

fl C^- + xA = Lixi + Mi <Lij+ Mi = |m,. 

Therefore, using (f2l)j) . 

// (x + ma) - fi (x) = ft + xi + ma^j - fi + x^j > ^M ; . 

In summary, we have /„ (x + ma) — f n (x) > M n /8 and /; (x + ma) — fi (x) > 
for I > n. Moreover, \fi (x + ma) — fi (x) \ < 2Mi for all / > 1, in particular for 
I < n. By (HO]) and ((231), it follows that 



(rn 

i=l 1=1 

whenever Ofc nl /4 < m < qk n /4:. Consequently, if^ m ^(x) — > +oo as m — > +oo. 

Similar argument will show also that (p(~ m \x) < — M„/16 whenever x e F h 
and q kril /A < — m < ft„/4. Since fc; is even, | rzr^ | < Si/8 and m is negative, for 
every I > 1 we have 

+ xi + m [a - ^ < Vxi< 



4ft, V J Mk, 4 

Suppose additionally that I > n. Since m > — qfc n /4, by @ and (|22p . 

1 / Pfc, \ . 1 5j m 1 5; q feri 

h xi + m [a > H > 



QkiJ 4g fci 4 qk,9k,+i 4 iq kl q kl+ i 

J 1 ^ 3^ 

4g fcl 4q fei+ i 4 4 ' 

Hence 

_L + ^ + ma _ !!^*L g (3^/4, l/(4g fcl ) + V4) ■ 

4 ft, ft, 

Case 1. Suppose that I > n and 

-L + xi + ma-^e (l/(4ft ; ) - <S ; /2, 1/(4%,) + «J,/4] . 
4ft, gjfe, 

By the definition of 

( 1 \ A 1 mp^, 

ji i V xi + ma = fi h xi + ma 

V 4 ft, Qki 



= xi + ma + Mi . 

V 9k, J 

Hence, by flUJ and ([2]), 

// (x + ma) - /; (x) = /; f t^— + x ; + ma] - /; I — !— + X; 

V 4 ft, J V 4 ft, 

= i;rn a < -Li- = -Mf 



9k, J 8<7fc ; <?fe,+i 
Case ^. Suppose that I > n and 

4ft, ft, 
By the definition of fi, 

fi ( + Xi + ma) - /, f -i- + x ( + ma - ^ j = M,/2. 
V 4 ft, / V 4 ft, ft, / 
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fl 



Moreover, by 

1 

Therefore, using (|25|) . 

// (x + ma) - fi (x) = fi 



Lixi + Mi >-lA + Mi = -M h 
4 4 



1 

4^ 



+ xi + ma - fi 



1 

4^ 



xi ) < --Mi. 



In summary, we have /„ (x + ma) — f n (x) < —M n /S and // (x + ma) — fi (x) < 
for I > n. Moreover, fi (x + ma) - f t (x) < 2M t for all I > 1. By JU]) and ([MJ), it 
follows that 



oo 



ri-1 



2M ; < 



^\x) = ^(f l (x + ma)-f l (x))< 
i=i 

whenever qk n _ 1 /A < —to < qt n /A. Consequently, t^™ 1 ' (x) 
Remark 6. In a similar way we can prove that the sets 

oo Qk n — 1 

?-=n u 



M n M n Mn 

8 32 - 16 



— oo as to — ^ — oo. 



n=l j=0 



5„ 5 n 



1 



and 



4 ' 4 



-oo as m 



oo and x £ F ^ 
oo. 



n u 

n=l j=0 

are uncountable and x G F implies <p m ) (x) 

implies (p^ m '(x) — > +oo as m — > — oo and <p( m > (x) — > — oo as to — > + 

Proposition 6. For every irrational a £ T £/iere exists a continuous function 
ip : T — >■ R zero mean such that the set D s ~ s+ (a, ip) is uncountable for every 
s_,s+ €{-,+}. □ 

In the next section, under some additional assumptions on a, we will show that 
the sets D s - s +(a, ip) may have positive Hausdorff dimension. 

6. Hausdorff dimension of D s - s +(a, ip) 

Let (Ek)k>o be a sequence of subsets of [0,1] such that each Ek is a union 
of a finite number of disjoint closed intervals (called fc-th level basic intervals). 
Suppose that each interval of E^—i includes at least > 2 intervals of Ek, and 
the maximum length of k-th level intervals tends to zero as k — > +oo. Let us 
consider the set 



F = f] E k 



We will use the following criterion to estimate the Hausdorff dimension from below. 

Proposition 7 (see Example 4.6 in [17] and its proof). Suppose that the k~th level 
intervals are separated by gaps of length at least Ek so that Ek > £fc+i > for every 
k € N. Then 

log(TOi . . .m fe _i) 



diniff F > lim inf • 

fe- 



log(TO fe e fc ) 



Remark 7. Let us consider two intervals A, B C R of length a and 6 respectively 
and let h > 0. Suppose that a < h < b. Then there exist at least L^t^J intervals of 
the form A + kh, k E Z included in B. Moreover, if b > Ah then [^J > 



If) 
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Fix s+, s_ € {+, — } and let 

k- s+ --= U </ + = U (^.o s+ + -f)- 

■ n n "fen 

Then F s - S+ = H^Lo F n~ s+ ■ As we have already noticed 

9fc„ +1 <7fc„ +1 

so ~- s+ | > Ah and ft. > |-F^+* H j| ) where ft = l/q kri+ i, and then by RemarkO 

? s - s + 1 



Moreover, 



\ r n,j I Fn+l.il 



> \ F n,j + l > S n qk n+1 _ gfc„_igfc„ + i 



4ft 16 \Qq kn q kn+1 



1 1 <5„ 1 

*« = l<o + l > > 



It follows that 

mi . . . m„_i > m„_i > — > 



16 ?fcn-2%„-2+l 16 9fc„-2?fcn-2+i 



Moreover, 



ft„- 2 9fc„ 1 <7fc„- 2 1 

m " £ n > 77 7; = ™ > 



!%„-ift„-i+i 2 ft„ 32g fcn _ 1 g fc „_ 1 +i 32g fc?i _ 1 <7 fc7i _ 1+ i 
Thus 

, 27 ^ log(TOi . . .m»_i) > loggfc^ - log 16 - loggfc„_ 2 - logg fc „_ 2+ i 
-log(m„e„) ~ logq kn _ 1 + logq kn _ 1+1 + log 32 

Theorem 8. Suppose that there exist 7 > 1 and C > sucft fftai 

(28) 5n+i < C^n / or infinitely many n £ N. 

Tften tftere exists a continuous function ip : T — > K wi£ft zero mean such that 
dim H D s - S + (a, (p) > 1/(1 + 7) for all s+,.s_ G {+,-}• 

Proof. By assumption, we can find a subsequence (%„) of even denominators of a 
(or odd) such that 

(29) q kn > (q kn _ 1 q kii _ 1+1 ) n , qk n -i > 4<j fc „_ 1 and q kn+ i < Cql n for all n e N. 

Take M„ = 33™ and let us consider the function ip constructed in Section [5j Then 
(HU), JlTJ), dUl) and (J2U) hold. It follows that F s - S + C £> s - s +(a,<^). Moreover, by 
Proposition (EZ)) and ([2"9"jh 

j- rns SA ^ ,• • r l°g(mi . . .m„_i) 
dim^f + > hmmf^^ 

n-s-oo -log(m„e„) 

. . , logft„_ 1 - log 16 - logg fcn _ 2 - logg fc „_ 2+ i 

> lim mt - 



> lim 



l ogq kn _ 1 +\ogq kn _ 1+1 + log 32 
(1 - 1/ri) \ogq kn _ 1 - log 16 1 



n^oo (I + 7) log q kn _ 1 + log C + log 32 1 + 7 ' 

which completes the proof. □ 

Remark 8. In particular, for every a 6 DC '(7) the condition (|2"5)) holds for some 
C > 0, so the statement of Theorem [5] remains valid. 
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Remark 9. It is of course true that lj ngz (F s - S + + not) C D s - S + (a, ip), however 
dim H (J (F s - S + + not) = supdim H (F s - S + + no) = dim ff F s - S + . 

Notice also that for each n > 1 the set F s - S + is covered by q kn intervals each of 
which has length 6 n /4. By Proposition 4.1 in [7J, using (|29p . it follows that 

dim H F s - s + < liminf , — 7 < -. 

n^oo -log{q kn _ 1 /(4:qk n qk n +i)) 2 

It follows that if we use only sets F s - S + we cannot estimate the Hausdorff dimension 
of D s - s +(a, cp) from below by a number greater than 1/2. Note finally that if a 
has bounded partial quotients then dims F s ~ s + = |. 

Theorem 9. For almost every a € T £/iere exists a continuous function p> : T — > K 
wii/i zero mean such that dim# D s ~ s+ (a, if) > 1/2 for all s+,S- G {+,—}. 

Proof. Recall that (see [TO]) for a.e. a G T there exist C > and an increasing 
sequence (k n ) of natural numbers such that 

Ofc„+i < C • qk„ log<jfc„ for all neN. 

By the proof of Theorem [SI there exists a continuous function tp : T — > R with zero 
mean such that 

dim H D s - S+ (a, p) > liminf ■ l0g9fc " 



n-j-oo log q kn + log g fcra+1 

for all s+, s_ e {+, — }. However, 

lo g Qk n > loggfc„ 1 ,„ 

— o i i i„„ i i i — r~i I 



log Qk n + log qk n + 1 2 log g fcn + log log q kn + log C 
as n — > +oo. Consequently, dim# D s ~ s + (a, p) > 1/2. □ 

7. Smooth cylindrical transformations over rotations on higher 

dimensional tori 

In this section we will deal with cylindrical transformations over rotations on 
higher dimensional tori. More precisely, we will construct some examples of cylin- 
drical transformations T v of class C r , r > 1 admitting dense and discrete orbits 
and such that the set D(a,ip) has positive Hausdorff dimension; the construction 
is based on Yoccoz's method in |19| . 

Fix d > 3. Let a > 1 be a real number such that a := 2a d ~ 1 — a d — 1 > 0. (The 
derivative of the function P(a) = 2a d ~ 1 — a d — 1 is c? — 2 > at a = 1 and P(l) = 0, 
so P takes positive values on a nonempty interval (1,6).) Let a be an irrational 
number such that there exists C'o > 4 for which 

(30) Aq^ < q n+x < C q^ for all n e N. 

Fix < e < a and set p>{x) — Y^Li(fn( x + a) — f n {x)), where 

fn( x ) = l+a-e ( 1 - cos2tt(J„x). 

Note that f n (x) > for a; E T and n > 1. Let 

in- 1 / . r -, 1 1 \ 00 

F »= U f + --==,-== andF=n^. 



3=0 



q„ 



n=l 
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Lemma 10. The function ip : T — > K is of class C' a e ' and there exist 8 = 
9{C ,d,a,e) > and K = K{a,e) > such that ip( m ~)(x) > -K for all x G F 
and m G Z. If additionally g° < |m| < jQn+i an d Qn — 64C*o then ^^(x) > 
B\m\ E l ad - K. 

Proof. Since 



f n (x + a) - fn(x) = 2 ^} e smirq n a ■ sm2wq n (x + a/2), 

Qn 



by QUI and ©, 



-T-r(/n(a; + a) - fn(x)) 
dx K 



Qn+1 „i . I 
i +a _ E 2|sm7rg n a| 



——77 sin27rg n (a; + a/2) 
ax' 



< -^2.11^11(2^ <-g^. 



Moreover Yln=i 1 /<li +d '~ e ~ k < +oo for < K fa - e], so <p G C^-^l (T,R). 
Suppose that x *E F. Then x £ F n for every n > 1 and hence Hfjfn^H < 

y/O^/y/Qn+1- hi view of (JT5j) , 

sin 2 7rg n x < 7r 2 ||g„a;|| 2 < TT 2 q n /q n+ i. 



Therefore for every to G Z 



/„(x + ma) - f n (x) > -fn(x) = i+t-e ( 1 ~ C0S27T(7„X) 



„ 9n+l .2 ^ o 2 9n+l <7n 

-2 . , _ — sin 7r<7»i£ > — 2ir . , 

„l+a—s ^ n — n 1+a ~ e a , i 



2tt 2 



Let 



1 9tt 2 

K = K{a,e) := 2ir 2 V — ^ = — ^ . 

n=l 

In view of fl-p, g„ > 4™, so 

OO OO 1 

(31) ^ m \x) = ^2(f n (x + ma) - f n (xj) > -2ir 2 £ -— > -K. 



n=l 



„=1 <?" 



Suppose additionally that q„ < \m\ < \q n +i- By @, 

||mg r j.o;|| < |m|||g n a|| < 1/4, and hence ||mq„a|| = |m|||g n a||. 

Therefore 

f n (x + ma)~f n (x) = i"t- £ ( cos ^QnX - cos 2nq n (x + ma)) 

qn 

qn+i 



<1 



1+. 



(cos27r(±||g„x||) - cos27r(±||q„x|| + \\mq n a\\)) 



qn+i 



I 3^2sin7r(±2||q„a;|| + ||mg n a||) siri7r||mg„a|| 



n l+a—s 
In 

qn+i 

„l+a— e 



2 sin7r(±2||q„a;| + |m|||<7 n a||) sin7r|m|||g n a|[ 



By (|30 



V In 8 



ON HAUSDORFF DIMENSION OF THE SET OF CLOSED ORBITS 19 

whenever g° > 64Co. Moreover, by ([2]), 5^77 — l m lll<7« a l < 1/4 an d hence 
±2\\q n x\\ + |m||| 5n a|| > \m\\\q n a\\ - 2\\q n x\\ > - 2^^±i > ^L. 

^Qn+l Qn+1 ^Qn+1 

Similarly 

±211^11 + |m|||« n a|| < \m\\\ qn a\\ + 2\\q n x\\ < M + 2 v«+I < ?M < 1 

Qn+l Qn+1 Qn+1 * 

By (fT5]l. it follows that 

siri7r|m|||g„a|| > 2|m| ||g„a|| > 

Qn+1 

and 

sin^(±2||g n x|| + |m|||g„a||) > 2(±2||g„a:|| + \m\\\q n a\\) > -!—!-. 

Thus 

f n (x + ma)-f n (x) = 2 i+ 1 5 K £ sin7r(±2|lgnx|| + |ml||g re a||) sin7rlm|||g„a|| 

m 2 _ Ql > > 

In view of the proof of (|5T1) , we conclude that 

00 I \e/a d 

V [m] {x) = fn(x + ma) - f n (x) + V(/;(.t + ma) - fy(x)) > i^L_ _ K , 

□ 

Set C = 2|~4 a+2 ] . Let ai, . . . , a d be irrational numbers. Let (q„ stand for 

the sequence of denominators of ay for j = 1 , . . . , d. Assume that the denominators 
of ai,..., ad satisfy the following inequalities 

(32) 4( 9l V ) ) a < q ( n j+1) < C{ q ^ ] ) a for aU 1 < j < d and n > 1, 

in which we use the notation q n d+1 ^ = q^li and q^ = q^li- H is easy to see that 

(33) 4(g^)^ < 4i+---^^ ff 00)-'- 1 < ^ 
and 

(34) 4($V < ggi < C^-+" A -\q%Y = C (g£V 
for all 1 < j < d and neN. 

Remark 10. Denote by £(a) the set of all (ai, . . . , ad) € T d satisfying (|32p . In Ap- 
pendix [B] we will show that for uncountably many (ai, . . . , a d ) £ £(a) the rotation 
on T d by the vector (ai, . . . , ay) is minimal. 

Take (ai, . . . , ay) € (£(a) such that the rotation T : T d —> T d given by 

T(xx, ...,Xd) = (xi+ai,...,x d + a d ) 

is minimal. Let < e < a and set ifj(x) — Y] 1 (a; + ay) — fn,j(x)), where 

/n,j(a:) = —TT^r C 1 ~ cos27rg^ ) x) for j = 1, . . . , d. 

Let us consider the function <p : T d — ► K, 

</?(xi, . . .,x d ) = ipi(xi) + . . . + (fi d (x d ). 
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For 1 < j < d set 



FU) = f] u 

T»=l (=0 \ 1 



I 

(77 



Iri q n+1 \/ (In q n+ l 



Theorem 11. The function ip : T d — > R is of class C^ a ~ £ ^ and 

(xi , . . . , Xd) — > +oo as \m\ — > +oo 
for each {x\ , . . . , x d ) £ F (1) x . . . x F (d) . 

Proof. For each integer m with |m| > q[ d ^ /4 there exist n € N and 1 < j < d 
such that \q^P < l m l < 3<7n+l- Note that if \m\ — > +oo then n — > +oo, so 
(9n 5 )" > 64C a whenever | m| is large enough. From (|33p . 

(^V -1 < Ifffc 1 ' < H < \&- 

By (fM)) and Lemma [TU1 for every (xi, . . . , xa) £ F^- 1 ' x . . . x F^ we have 

d 

^ m \ Xl ,...,x d ) = ^^f)(^)>^(^)-(rf- l)K(a, £ ) 
fe=i 

> 6>(C a ,d,a,e)|m| £ / Qt! -dif(a,e). 
^ m ^(:Ei, . . . ,Xd) — > +oo as |m| — > +oo. 

□ 



Consequently, 



Proposition 12. For every 1 < j < d we have dimjj F^) > jq^a-, Wi particular 
x . . . x F 1 ^-*) > jt^-j- 

Proof. Fix 1 < j < d and we will write q n instead of q%'. Note that to calculate 

the Hausdorff dimension of F^' we can use the scheme presented at the beginning 

of Section [5] and Remark [7] in which 

2 2 1 

a = - , b = - and h = — . 

y/q-nq-n+i ^qn-iqn qn 

Here 



e n = -^ = ^ = . > and m„ > v/g " 

q n ^/q n q n +i %q n if- 



iq n 



Thus 



mi... m n _i > 



and using (fM]) 



1 1 

m„e n > > 



*V ^a,q n -i 

Moreover, q n +i > 9^ , and hence (reminding that q\ > 4) 

logg„ > loggf <n_1) > a d ("- 1 )log4. 
By Proposition [7J it follows that 



dim# F^> > liminf \ 



ilogg„_i -(n- l)log2 



log g„_i + log 4 + log y/C~ a 1 + a a 



Since 



dim H (F (1) x ... x F (d} ) > dim H F (1) + . . . + dim H F (d) , 
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the proof is complete. □ 

Remark 11. For every d > 3 in order to obtain the maximum of a we have to choose 
of a = 2(d- l)/d. Then 

2 d [d-lV^ 1 2 d 
a = — — — - 1 > — - 1. 



d \ d J ed 

In particular, for d — 3 we have a — 8/3 • (2/3) 2 = 32/27 < 2, so we can only choose 
e > so that \a — e\ = 1. However, if d — > +oo then the degree of smoothness of 
ip grows exponentially. 

8. Differential equations and flows 
Consider now a system of differential equations on T d x T x R 

f = * 

(35) | = 1_ 

where a = (ai, . . . , a^) induces a minimal rotation T on T d and / : T d x T —> R is 
of class C r for some r > 0. Denote by ($t) t6 R the corresponding flow on T d+1 x R 

z, y) — ^x + ta. z + 1, J f(x + sa, z + s) ds 

Then T d x {0} x R = T d x R is a global section for ($ t ) teR and the Poincare map 
is given by the formula 

(x,y) n- (x + a,y + (p(x)), 

where 

(36) tp(x) = / f(x + sa,s)ds, 

Jq 

and hence ip : T d — > R is also of C r class. Reciprocally, if ip : T d — ^ R is of C r class 
then we can find / : T d x T — > R which is of C r class so that (j3"6")l holds (for example 
/(x, z) = — za)b(z) will do provided 6 : [0, 1] — > R is smooth, J Q b(t) dt = 1 and 
6| [o,t/] = = b| [I—,,,!] for some < rj < 1/2). 

Now the flow ($ t ) tS K is topologically the same as the suspension flow over T v . 
In particular, closed orbits of ($ t ) tg R which we may identify with closed orbits of 
the suspension flow are in a natural correspondence with closed orbits of T v . More 
generally, each minimal subset for the suspension flow is of the form M x [0,1) 
where M C T d x R is a minimal subset for T v . We will now make use of our 
knowledge about properties of T v to derive properties of ($ t ) te H. 

First of all, we note that ($t)teffi i s never minimal. Then, note that 



(37) / <p(x) dx — / f(x,z)dxdz, 

so we should constantly assume that the latter integral vanishes; otherwise T rf xTxR 
is foliated into closed orbits of ($t)teR (each orbit being homeomorphic to R). When 
the integral vanishes and p>(x) = j(x) — j(Tx) for a continuous j : T d — > R then 
again T d x T x R is foliated into minimal components of ($ t ) tS R, however now 
each minimal component is compact. This situation is equivalent to saying that 
there exists an orbit of ($t)tgR which is relatively compact (and then all orbits are 
relatively compact). Finally, if the integral (j3"T)) vanishes and no orbit of ($t)tGK 
is relatively compact then (3>t)teR is topologically transitive, that is, there is a 
dense orbit (and since it is not minimal there are orbits which are not dense). A 
natural question arises to decide whether in the transitive and smooth (r > 1) case 
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closed orbits can exist. The answer is negative if d — 1 (in fact, for d = 1 the flow 
corresponding to ([55)1 has no minimal subset). We can now interpret the results of 
Section [7] as the positive answer to the question in case d > 3 (although with some 
restriction on the degree of smoothness of the vector field in ([35j) ) . 



8.1. Differential equations on R 3 . For any irrational number a > let us con- 
sider the system of differential equations on R 3 

x' = —2iry + 2iraxz 

(38) y = 2ttx + 2irayz 

z' = na(l — x 2 — y 2 + z 2 ). 



It is easily checked that ln((\/a; 2 + y 2 + l) 2 + z 2 ) — \n((y/x 2 + y 2 — l) 2 + z 2 ) is a 
first integral of (|3"5| . For a > the set of (x, y, z) £ R 3 satisfying 



(39) (y/x 2 +y 2 + l) 2 + z 2 = a((^x 2 + y 2 - l) 2 + z 2 ), 



is a torus; indeed, by setting r = y ' x 2 + y 2 , (|39p is equivalent to 



1 \ n 4a 

' z 2 - 



a-lj (a -I) 2 ' 

It follows that the corresponding family of tori establishes an invariant foliation of 

R 3 \ (§ UR ), where 

§o = {(x, y,z):x 2 +y 2 = l,z = 0} and Ro = {(x, y,z) : x = y = 0}. 

Moreover, the flow corresponding to (|3"5)) acts on each invariant torus as the linear 
flow in the direction (a, 1) - we will see a relevant computation in a perturbed 
situation in a while. 

The aim of this section is to give (for every irrational a) a continuous pertur- 
bation of (|3"5|) which completely destroys its integrable dynamics. We will show 
that under some special continuous perturbation of (|38[) the resulting systems have 
plenty of orbits which are dense, homoclinic and heteroclinic to limit cycles. The 
class of considered perturbations is in the spirit of Chapter XIX in [T7] . 

Let i> : T 2 — > R be a continuous function. Set 

arg(x 2 + y 2 + z 2 - 1 - 2zi) axg(x + yi) 
u{x, y, z) = and 0(x, y) = 

for every R 3 \ (S U U ) and denote by F : R 3 \ (S U R ) -> R the continuous 
function 



F(x, y, z) = In J \ X + 11 + ]] + Z ■ if) (u)(x, y, z), 9(x, y)) . 

V W x +y i) + z 

We will deal with the perturbed differential equation 

/ r> o (1 — x 2 — y 2 + z 2 )x . 

x = — 2ny + 2naxz H -j^=^= l<(x,y,z) 

2^x 2 +y 2 

(if)) , (1 - x 2 - y 2 + z 2 )y , 

[ ' y' = 2wx + 2nayz + ± -==== — —F{x, y, z) 

2yfx 2 + y 1 

z' = ira(l — x 2 — y 2 + z 2 ) — z\Jx 2 + y 2 F{x, y, z). 

It is easily checked that the right hand side of (|4T)]) can be continuously extended 
to R 3 (indeed, since |1 — r 2 + z 2 \ < 3^/ (r — l) 2 + z 2 for \r — 1| and \z\ sufficiently 
small, (1 — r 2 + z 2 ) In y/ (r — l) 2 + z 2 — > as r — > 1, z — > and therefore on 
§o U Mo we come back to (|38l) ). so the equation (|4TI)) is well defined on M 3 . The 
existence and uniqueness of solutions (|40l) we will prove later by applying a change 
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of coordinates (solutions are denned for all t € M, except for the line Ro). Denote 
by ("f^igR the flow corresponding to ([4"0")l . We have already noticed that x' — 
—2iry, y' — 2irx, z' — on So and x' = 0, y' = 0, z' = 7ra(l + z 2 ) on Ro. Therefore 
§ is (* t )teR- invariant and ^t(x,y,0) = ^ f (x + iy,0) = (e 2?ri *(a; + iy),0) on § - 
Moreover, (\l/ t ) te R is a local flow on Ro and 

*t(0,0, z) = (0,0, tan(7rai + arctanz)) for t e - — , — 



2a 2a J na 

We will show that (\I/t)tGR acts on R 3 \ (§o U Ro) indeed as a flow. We will use 
a hyperbolic polar coordinates on the hyperbolic half-plane {(z, r) : r > 0, z G R} 
given by 

i(z + ir) + 1 . s o , 

z + ir ^ -j ( = le e e m 

(z + ir) + i 

together with the usual polar coordinates x — r cos 2tt8, y — r sin 2tt9. It results in 
toral coordinates (w,fl,s)eTxTxRoft 3 \ (§ U R ) given by 

2(e~ e cos27rw — 1) . 

1 cos2tt6» 



(e" eS sin27rw) 2 + (e~ eS cos2-7ra; - I) 2 

— 2(e~ e cos27toj — f) 
(e~ eS sin27rw) 2 + (e~ eS cos27rw — f) 2 
— 2e~ e sin27raj 
(e~ e ° sin27ra;) 2 + (e~ eS cos27rw — l) 2 



— 1 sin27r6 



Denote by T : T x T x R ->• R 3 \ (S U R ) the map establishing the change of 
coordinates. The inverse change of coordinates is given by 

2ttuj = arg(x 2 + y 2 + z 2 - 1 - 2zi), 
2n8 = arg(x + yi), 



s = In In 



indeed, 



{^fx 2 + y 2 + l) 2 + z 2 
v ( \/x 2 + y 2 - I) 2 + z 2 '' 

i{z + ir) + I 



2t7u = arg 



(z + ir) + i 
z + i(r — 1) 



(r-l) 2 + z 2 
V (r + l) 2 + z 2 ' 

arg(r 2 + z 2 - 1 - 2zi). 



z+(r + l) 
Setting additionally u — e s we have 

, „ „ (f - r 2 + z 2 )x , . 

x = —2iry + 2naxz H uip (cj, 0) , 

2r 

i (f — r 2 + z 2 )y 
y = 2?rx + 2irayz H uip (lo, 6) , 

(41) z = na(l - r 2 + z 2 ) - zruip (oj,9) . 

It follows that 



(42) 
and 



, xx' + yy' 1 - r 2 + z 2 
r = = Zirarz H uip [uj, 0) , 



xy 1 — yx 1 = 2tt(x 2 + y 2 ). 



2tt. 
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Since x — rcos2n9, y — rsin27r0, we have 

(43) W ' = !(I)'_!(!y = ^ 

r \r J r \r ) x + y 
Next note that 

\x 2 +y 2 + z 2 -l- 2zi\ 2 = (r 2 + z 2 - l) 2 + (2z) 2 = ((r + l) 2 + z 2 )((r - l) 2 + z 2 ), 
and hence 



+ z 2 - 1 = V((r + I) 2 + z 2 ){{r - l) 2 + z 2 ) cos2ttu;, 



-2z = y/((r + l) 2 + z 2 )((r - l) 2 + z 2 ) sin27uj. 
It follows that (similarly as in J321)) 

, (-2z)'(r 2 + z 2 - 1) - (r 2 + z 2 - l)'(-2z) 
- ((r + l) 2 + z 2 )((r- l) 2 + z 2 ) 

Moreover, by (gj) and (|I2"1) . 

(r 2 + z 2 - l)'2z - (2z)'(r 2 + z 2 - 1) = 2(2zr/ + (1 - r 2 + z 2 )z') 

= 27ra(4zV + (1 - r 2 + z 2 ) 2 ) = 2na((r + l) 2 + z 2 )((r - l) 2 + z 2 ), 
so 2-kuj' = 27ra. Since u = | (ln((r + l) 2 + z 2 ) — ln((r — l) 2 + z 2 )), we have 
. r'(r + 1) + z'z r'fr - 1) + z'z 2(1 - r 2 + z 2 )r' - 4rzz' 

it = — — 

(r + l) 2 + z 2 (r-l) 2 + z 2 ((r + l) 2 + z 2 )((r-l) 2 + z 2 V 
Moreover, by (glj) and (|22"]l. 

2(1 - r 2 + z 2 )/ - 4rzz' = ((z 2 - r 2 + l) 2 + 4(rz) 2 )M^ (w, 0) 

=((r + l) 2 + z 2 )((r - l) 2 + z 2 )ml> (w, 0) , 

hence it' = w-0 (cj, 6*). Therefore 

s = u /u = ip (u>, 8) , 

hence in the new coordinates the differential equation (|4TJ)) takes the form 

J = a, 6' = 1, s' = tp(u,9) 

and we return to the scheme from Section [5] Denote by (J&t)teM. the corresponding 
flow on T x T x R, then 

$t(u,6,s) = (u + ta,d + t,s + ( ip(u> + Ta,9 + T)dT). 

Jo 

Let a be an arbitrary irrational number and let tp : T — > R stand for the function 
constructed in Section [SJ Choose a continuous function -0 : T 2 — s- R for which 
(p(u)) — Jq tp(u> + Ta, t)<It. Assume that for (u>, 8, s) e T x T x R we have u — ad € 
Then — a0) — >• +oo asn-> +oo, so 

r 

s n : = s + / %p[u) + Ta, 6 + r)rfr 
./o 

= s + ip (n) (uj -aff)+ I (ip(uj + (r + n - 6)a, t) - ip(uj + (r - 0)a, r)) dr 
Jo 

— > +oo. 

Note that if (x, y, z) = T(w, 0, s) then 
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Since e 2e " — > 0, setting u) n = u + na we obtain 
^ n (x, y, z) = * n o T(w, 0, s) = T o $„(w, 0, s) = T(w„, + n, s„) = Y(w„, 0, s n ) 
(1 - e" 2eS " )e 2 ™ 9 -2e- eS " sin 2tuj„ 



-2e°n _ 2 e -e a " cos27rw„ + 1' e~ 2eS " - 2e~ £Sn cos27rw n + 1 

-> (e 2 ™ e ,0) G §o- 

It follows that the w-limit set of (x, y, z) is equal to §o- 
Now assume that lu — ad G D s -~ and w^O. Then 

»fi/a 

^(a; + ra, + T)dr 



s + ^Le-H»/oJ)( w _Q^) 

V> (w + (r - 9 + [6 + n/a\ )ot, r) dr - I ip(u + (r- 0)a, r) dr 



n — > +oo. so e 2e " — > 1. Setting 6 n — 6 + nj a we obtain 
^n/ a (x,y,z) = T o $ n/a (u;,0, s) = T(u + n,9 n ,s n ) = T(w,0„,s„) 

(1 - e- 2eS " ) e 2 ^ -2e- e3n sin 2vrw 



e -2e s " _ 2e~ eS " cos27toj + 1 e 2eS " — 2e e °'™ cos27ra; + 1 

— sin 2t:lu \ , , , , „ 

0, — = 0,tan ttw - tt/2 g E . 

1 — cos 2noj ) 

It follows that the w-limit set of (x, y, z) is equal to Rq. 

Let ^4+ := §o ancl j4_ := Rq. Similar arguments to those above show that if 
w — a9 G D s - S+ then the a-limit set of (x, y, z) is A s _ . Recall that the set D s - S+ 
is invariant under the rotation by a, so it is dense. Thus 

{T(u),0,s) : (uj,6,s) G T x T x R, uj - a6 G L> s ~ s +} 

is dense in R 3 . Moreover, the Hausdorff dimension of this set is no smaller than 
dim# D ss+ + 2. In view of Theorem[9]we have the following. 

Theorem 13. For every irrational a there exists a continuous function ip : T 2 — > R 
such that the flow (^ft)teR corresponding to |^0| ) is transitive and for each .s_,s + G 
{ — ,+} £/ie se£ of points such that the u -limit set is equal to A s+ and the a-limit 
set is equal to A s _ is dense. Moreover, for almost every a the Hausdorff dimension 
of each such set is no smaller than 5/2. 

8.2. Differential equations on § 3 . In this section we will deal with continuous 
(or even Holder continuous) perturbations of the completely integrable system z[ — 
iazi, z' 2 = ibz2 (a,b G R \ {0}) on C x C ~ R 4 . Let us consider the system of 
differential equations 

z\ = iaz\ — F(zi,z 2 )z2 

(44) ' 7, MM \- 

z 2 = ibz 2 + b (z 1 ,z 2 )zi, 

where F : C x C - > C is a continuous function R + -homogeneous of degree 1 on 
each coordinate, i.e. F{t\Z\,t 2 z 2 ) — txt 2 F{zx,z 2 ) for all ti,t 2 > 0, and such that 
ziz 2 F(zi, z 2 ) G R. Denote by {^tjtes. the associated flow on C x C. The existence 
of (^t)tgn will be shown as a byproduct. Note that \zi\ 2 + \z 2 \ 2 is a first integral 
for Ijlgjl. Indeed, 

(45) ^-\ Zl \ 2 = 2^z'{zi = 2^{ia\ Zl \ 2 - F{z u z 2 )zjzi) = -2F{z 1 ,z 2 )z^ 
dt 
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and 

(46) j t \z 2 \ 2 = = 23f?(m|z 2 | 2 + F{z u z 2 )z^) = 2F(z u z 2 )z^, 

so idz^ 2 + \z 2 \ 2 ) = 1. Therefore, 

§ 3 = {(01,22) eCxC: |zi| 2 + \z 2 \ 2 = 1} 

is ($ t )-invariant and we confine ourselves to the study of (^t)teK on S 3 . Let us 
consider 

f:C\{0}xC\{OHI, F(z u z 2 ) = = F ^>*f* gl g R. 

ziz 2 \z\Y\ziY 

By assumptions, F is continuous and F{z\ 1 z 2 ) — F(zi/\z\\, z 2 /\z 2 \). Let 

^:TxT->l, rp(u},9) = F(e 27Tlul ,e 27Tl6 ), 

so ip is continuous. Moreover, note that each continuous function ip : T x T — > K 
determines a continuous function _F : C x C — > C which is R+-homogeneous of 
degree 1 on each coordinate and such that ziz 2 F(zi, z 2 ) E R as follows 

F( Zl ,z 2 ) = Ziz 2 ip(u,9) whenever zi = Ne 27 ™", z 2 = \z 2 \e 2 ™ 8 . 

If additionally ip is 7-Holder continuous then F : S 3 — > C is 7-Holder continuous as 
well (see Proposition [T5] in Appendix [Cl . Let 

Si := {(a*, z 2 ) E S 3 : M = 1, z 2 = 0} and §\ := {(z 1; z 2 ) G S 3 : a* = 0, \z 2 \ = 1}. 
Observe that Si, Si are invariant sets and 

tf(zi,0) = (e iat 2i,0) and *(0,z 2 ) = (0,e M z 2 ). 
Let us consider a new coordinates (lu, 9, s) 6 T x T x R of S 3 \ (Si U Si) given by 
(z u z 2 ) = T((J,9,s) = (e 27 "" cosarctane s ,e 27 " e sinarctane s ). 

Then 

e 2mu _ Zl ^ Zl ^ gZ-mO _ Z2 /|z 2 | and \zi\ — cosarctane s , \z 2 \ = sinarctane s . 
Thus 

\z 2 \ sinarctane s s 
\ Z \\ cosarctane s 

so 

S = ln|^|-ln|^| = i(ln|z 2 | 2 -ln| Zl | 2 ). 
By (jlS) and ijigj). it follows that 

ds 1 / 1 d . ,0 1 d, l2 \ „, x / 1 1 \ 

= F(«i,z 2 )-j — ioi — 12 = F ( z u z 2) = F(z 1 /\z 1 \,z 2 /\z 2 \) = ip(u),9). 
Moreover, 

„ / <^iazi- F(z 1 ,z 2 )z 2 ~ _ /. F(zi,z 2 )zl22"\ 

27rw = y — = y = y I la j — - = a, 

Zl z\ \ \Zl\ z J 

2lx& = s4 = ^ bZ2 - F^lME = %( ib+ Z2 ^~ 2 ) = 6 . 

z 2 z 2 \ \z 2 \ z J 

Hence if a = lixa and b — 2n then in the new coordinates the differential equation 
(JUJ) on S 3 \ (Si U Si) takes the form 

u' = a, 9' = l, s' = ip(u,9), 
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and we return to the scheme from Section [5] as well. Therefore if (21,22) = 
T(u,9,s) £ § 3 then ^(zi,^) equals 

(f«Ku+ta) cog arctan e s+p ^ +a r,6+r)dr^ Jviffi+t) gin arctan j+J* V(a,+ar,0+r)drj _ 

Recall that cos arctan e s — > as s — > +00 and sin arctan e s -> as s -> -00. It 
follows that if J Q ip(u> + ar,9 + t)<1t — > s + oo as t — > +00, then the w-limit set of 

(21,22) is equal to S* + . Moreover, if f Q ip(uj + ar,9 + r)dr — > s_oo as t — > —00, 
then the a-limit set of (21, 22) is equal to S*_ . 

Now as a consequence of results from Sections [2K] we have the following theorem 
which demonstrates possible coexistence of different behaviours for solutions of (T44")) . 

Theorem 14. For every irrational a there exists a continuous function F : § 3 — > R 
such that the corresponding flow (^t)teM on § 3 * s transitive and for each s_, s + € 
{ — , +} t/ie sef HC S _ S+ of points such that the uj-limit set is equal to §J, + and the 
a-limit set is equal to §l_ is dense. If a £ DC(a) for some a > 1 then for every 
< 7 < 1/((1 + a)a) the function F can be chosen ^-Holder continuous. 

Moreover, for almost every a the Hausdorff dimension of each set HC S _ S+ is no 
smaller than 5/2. 

Appendix A. Open problems 

If a continuous function ip : T — > M. with zero mean has bounded variation 
then the uniform Denjoy-Koksma inequality holds, i.e. |y)( 9 ™)(x)| < Vartp for all 
x € T, and as we have already noticed, this implies the absence of discrete orbits 
for T v . Now assume that ip : T — > M is continuous and it satisfies only (p(n) = 
0(1/ \n\). As it has been proved in [2], ip fulfills an L 2 -Denjoy-Koksma inequality, 
in particular the sequence (ip^ qn ') n eN i s bounded in L 2 (T). However, we are not 
aware of any direct argument based on the L 2 -Denjoy-Koksma inequality which 
shows the absence of discrete orbits. 

Problem 1. Does there exist an irrational rotation Tx = x + a and a continuous 
function ip : T — > R with p(n) — 0(l/|n|) such that the cylindrical transformation 
T v is Besicovitch? 

In Section [31 for a satisfying a Diophantine condition we have constructed a 
7-Holder continuous function tp : T — > R such that the corresponding cylindrical 
transformation is Besicovitch. However 7 was smaller than 1/2. 

Problem 2. Does there exist a 7-Holder continuous function tp : T — > R with 7 > 
1/2 such that T v is Besicovitch? Can we construct Holder continuous Besicovitch 
cylindrical transformations over "very" Liouville rotations, i.e. when we assume that 
the sequence of denominators (q n ) increases very rapidly? 

We estimated from below the Hausdorff dimension of the sets D s ~ s + (a, ip) by 
estimating from below the Hausdorff dimension of a subset F s - S + . However, under 
the condition (|2l?]) . the Hausdorff dimension of the latter set is not bigger than 1/2. 

Problem 3. Is 1/2 an upper bound for the Hausdorff dimension of D{a,Lp) or can 
we find a and ip so that dim h(D (a, ip)) > 1/2? Is there any relationship between 
dim// D(a, tp) and the Holder exponent of tp or the type of a while estimating the 
Hausdorff dimension from above? 

It would be also interesting to decide whether there can exist a Besicovitch 
transformation in the most extremal sense of the definition. 

Problem 4. Does there exist a cylindrical transformation which is Besicovitch and 
such that each orbit is either dense or discrete? 
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There are some natural questions concerning smooth Besicovitch cylindrical 
transformations (the problem below being only a sample). 

Problem 5. Does there exist a C°° (or even analytic) Besicovitch cylindrical trans- 
formation over a minimal rotation on higher dimensional tori? 

Notice that in the present paper we did not decide whether a C 1 Besicovitch trans- 
formation exists over a two-dimensional minimal rotation. 

Remark 12. Note that we can view points whose orbits are discrete as special 
points which are not recurrent. The results of this paper can hence be seen as a 
contribution toward a better understanding of the problem how big the set of non- 
recurrent points can be, both in the compact (as in Section 18-2(1 or non-compact 
case. 

Remark 13. We have not been able to decide whether or not constructions from 
Sections [5H7] lead to ergodic cocycles. Notice however that the cocycle ip : T — s- K 
from Section @] is a measurable coboundary. Indeed, \\fk — MkWr, 1 < ZqkdkMk < 
2 °^ 1* , so the serious / = J2k=i(f k ~~ Mk) converges in L 1 , and hence tp(x) — f(x + 
a) — f(x) for a.e. x € T. Moreover, some further modifications of the construction 
from Section [5] lead also to cocycles which are measurable coboundaries. 



Appendix B. Minimality of rotations on tori 
Set A = 16, B = \4 a A] and C = IB. Let S = ( (A^ , B$ ')) be a 



n>l,l<j<d 

sequence such that (An ,Bn ) is equal to (4,C) or (A,B). Denote by <t(a, S) the 
set of all (ai, . . . , ay) G T d such that 

(47) AWiqV-V)* < q& < B^(q^) a for all n > 1, 1 < j < d, 

with the notation = q n d l%- For every subset U C {1, . . . , d} denote by S u the 
sequence ( (An \ Bn^)) such that 

V / n>lS<j<d 

[ " ' n ' l (A^,B^) if jiU. 

Let S be the constant sequence with (A^,B^) = (A, B). Then £(a, S {l '-' d} ) = 
C(a). 

Lemma 15. The set £{a,S_) C T d uncountable. 

Proof. Let [0; , cl%\ ■ . .] stand for the continued fraction expansion of ay for 
j = l,...,d. We will use the notation '■— a^i- We will construct sequences 
of partial quotients (a„ )^L X , j = 1, . . . , d inductively. In the first step choose any 
natural A < a{ 1} < B. Then q[ 1} = a[ 1} fulfills gT} for (n,j) = (1,1). In the 

inductive step suppose that for a pair of natural numbers (n, I) with 1 < I < d all 

(?) (i) 
partial quotients for k < n, 1 < j < d, and a„ for < j < I are already chosen 

so that the corresponding denominators satisfy the following inequalities 

(48) A{q^- 1] ) a <qjp <B{q^- 1] ) a 

for all pairs (fc, j) such that 1 < k < n, 1 < j < d or k = n, 1 < j < I. Now we can 
choose a!"n € N so that 

(49) Aiq^T < a«ff« ! + ^2 < B{qt l) T- 
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Indeed, by (gHJ), q^l 2 < Qn-i ^ I A < (g& i_1) )°/16, so we can find at least two 
numbers a! satisfying Since there are at least two choices for off at each 



step of the construction, the set <t(a,£[) is uncountable. 



Lemma 16. Fix 1 < I < d and let S 



n>l,l<j<d 

{aeT:(fti,..., a;_i, a, a/+i, . . . , a d ) e £(a,SW)} 



□ 



be a sequence such 



that (A%\b$) = (A, B) forn>l. If a = (a x , . . . , a d ) G <£(a,S) then the set 



is uncountable. 

Proof. By assumption, for each n > 1 

(50) Aiqt^T < < Biqt^T, 

A^( q ^r<q^<B^(q^r, 
and hence, by the latter inequality, 



(51) 
Let 



4( 9 r i} ) 



(S4' +1) )V« 

By the definition of A, B, C and flSC]), (EQ), we have 

c{ q <£- 1] ) a -K<i- l) Y > 



C(qt 1} ) 



(Aii +1) y/- (si' +1) )i/a 
(^ +1) ) 1/a 



> qW(l-(A/B)V°)>lq®, 



,(0 



4(^- i) r > «,(f)(i_ 4 /A)=- ? v , 



r „a+l)Nl/ 

C(g g-l))a_ ) > $(C/B-1) = $. 

( J B<T 1) ) 1 A* 

Since > and g£° > 4g^+ 1 1) , it follows that \I n \ > 3q^ ] . 

Now we construct an irrational number a — [0; oi, a?,, ■ ■ •] so that 

We construct the sequence (a n ) of partial quotients of a inductively. Since |ii| > 
3<?o' +1 ^ = ^) we can crloose a i € ii- As gi = <ii € ii, we have 

4(^' 1) ) a < <Zi < C^r, A [ l +1) qt < q[ l+1) < B< ,+1 >tf. 
In the n-th step suppose that ai, . . . , a„_i are already selected so that 

±{q ( t 1] T < ft < Aj^tf < g£ +1 > < fl^gg 

for 1 < fc < n. It follows that 

|Jn| > 3^ x 1} > 3g n _i. 

Therefore there are at least two natural numbers a n such that a n q n -i + q n -% € / n . 
Thus 

4(gr i )) a < g„ < C^ 1 ))*, A^ 1 ^ < g£ +1 ) < B# +1 >g«. 
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It follows that for each a constructed in this way we have 

(ai, . . .,ai-i,a,ai +1 ,. . . ,a d ) G £(a, S {1} ). 

Moreover, there are at least two choices for a n at each step of the construction, so 
the set €(a,S^) is uncountable. □ 

Theorem 17. There are uncountably many a = (ai,...,a d ) € £(a) such that 
ai, . . . , oc d , 1 are independent over Q. 

Proof. For each i = 1, . . . , d set 

Z d ' 1 = {m = (mi, . . . , m d ) € Z d : m; ^ 0, = for all Z < j < d}. 

Let (a[Z])f_ De a sequence in T d defined inductively as follows: 

(i) 5[0] £ C(o,5); 

(ii) for each 1 < / < d let S[Z] be an element of £(a, S^ 1 ' "'^) such that a[l]j = 
a[l - l]j for all j ^ Z and (m,a[Z]) £ Z for all m £ Z d - Z . 

The existence of a[0] follows directly from Lemma[l5] The existence of uncountably 
many a[l] follows from Lemma [I])] applied to a = a [I - 1] and S = S {1 '-' 1 ~ 1} . 

Let a = (a±, . . . , a d ) ■= a[d]. Then a±, . . . , a d , 1 are rationally independent. 
Indeed, let m € Z d be a nonzero vector and let I be the largest index for which 
mi 7^ 0. Then (m,a[d)) = (m,a[l}). Since to £ Z dd , we conclude that (to, a) = 
(m,a[d]) = (to, a[Z]) ^ Z. Moreover, 

(ai, . . . , a d ) = a[d] e £(a, d} ) = £(a). 

At each step of the construction we had uncountably many choices, so the set of 
constructed vectors a is uncountable as well. □ 

Appendix C. Holder continuity 

Let / : T —> R be a continuous function. Set B = {zeC:|z|<l}. Denote by 
/ : B — > C the continuous function given by f(z) — zf(u)) whenever z — |z|e 27 ™". 

Lemma 18. Suppose f is a "/-Holder continuous function (0 < 7 < 1) with \ f{ui) — 
/( w ')l ^ Af Ijw— w'|| 7 . Then f is ^-Holder continuous and \f{z)~ f{z')\ < 2(\\f\\co + 
M)\z-z'p. 

Proof. Set C = ||/|| c °- Note that for all z = \z\e 27liLU , z' = |z'|e 2W we have 
\z - z'\ 2 = \z\ 2 + \z'\ 2 - 23**7 = (\z\ - \z'\) 2 + 2\z\\z'\^{l - e 2 «(— ')) 

= (|z| - \z'\) 2 + A\z\\z'\ sin 2 (t:\\u ~ > A\z\\z' \ sin 2 (tt\\lo - to' \\). 
In view of (|T5|) . it follows that 

(52) \z-z'\ >4y/\z\\z'\\\Lu-Lu'\\. 

Suppose that \z\ < \z'\, then \z\ < ^/\z\\z'\, and hence 

\f(z) - f(z')\ = \zf(u>) - z'f{J)\ <\z- z'\\f{J)\ + |z||/H - f{J)\ 

< c\z - z'\ + My/\z\\z'\\\u - w'll 7 - 

Since z, z' £ B, we have \z - z'\ < 2 1 ^|z - z'p and < \/RRP, so 

\m - f(z')\ < C2 l -r\z - z'p + My/lzjzfllu - u/p 

< (2 1 ^C + M) (\z - z'\ + t/IzMW" - ^'ll) 7 • 

In view of ([521 . it follows that 

\f(z) - f(z')\ < (2 1 -TC + M)V\z - z'p < 2(C + M)\z - z'p . 
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□ 

Let ^:TxT^ibea continuous function. Denote by F : D x D — >• C the 
function given by F[z-y,z 2 ) = Z\Z 2 ij)(u},9) whenever z\ = |^i |e 27riaj , z 2 = \z 2 \e 2 . 

Proposition 19. If ip is ^-Holder continuous for some < 7 < 1 then F is 
7 -Holder continuous. 

Proof. Let C = ||^|| c o and let M > be such that \ip(u, 9) - ip(u', 9')\ < M(\\ui - 
lu'\\ + \\e- 6'\\y. If zi = |zi|e 27rl ", z 2 = \z 2 \e 27Tie , z' x = \z[\e 2m "' , z' 2 = |4|e w 
then, by Lemma [15) 

\zii/j(u,d')- z[ip(u',6')\ < 2(C + M)\ Zl ~ z[p , uniformly in 6' 

\z 2 ip{u),6) - z 2 il>(u,9')\ < 2{C + M)\z 2 - z' 2 p, uniformly in u. 

Moreover, 

\F(z 1 ,z 2 )-F(z[,z' 2 )\ = \z 1 z 2 *P(uj,9)-z' 1 z' 2 tP(u',9')\ 

< 9') - z'Mlj', 9')\ + \ Zi \\z 2 tP(lj, 9) - z' 2 i(>((J, 9')\ 

< 9') - z'Mu', 9')\ + \z 2 i>{u, 9) - 4V>(w, 9')\ 

< 2(C + M) (\ Zl - z[y + \z 2 - 4|T) < 4(C + M) {\z x - z[\ + \z 2 - z' 2 \)~< . 

□ 
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